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LOI MO PAU

Trong chuong trinh Pai hoc Su pham Toan hoc, hinh hoc vi phan la
mon hoc dudc gidng day sau mon hinh hoc Oclit. Péi tugng nghién ctiu
chinh ctia mén hoc 1a cac dudng cong trén mit phang va trong khong gian
n-chiéu, cac mit cong trong khong gian 3-chiéu. Phuong phap nghién ctiu
trong bd mon hinh hoc vi phan tuong d6i da dang. Trong tai liéu nay, chiing
toi st dung cac phép tinh vi phan va tich phan trong khong gian R” (n > 2)
dé xay dung céac phép tinh vi phan va tich phan tuong ting trén cic dudng
va mit. Ngoai ra, gido trinh con st dung thém cac két qué cla dai s6 tuyén
tinh, t6-pd, phuong trinh vi phan thudng va phuong trinh dao ham riéng dé
tim ra cdc tinh chit ctia cic ddi tuong hinh hoc (chiing tdi c6 gidi thiéu so
lugc cac noi dung kién thic quan trong can chuan bi trong Chuong 0).

Giao trinh dugc bi€n soan dua trén 3 tai liéu chinh [2], [3] va [10]. Noi
dung chinh cdia gido trinh dugc bd cuc trong 2 chuong. Chuong 1 trinh bay
vé cac kién thiic co ban ctia 1 thuyét dudng nhu: do dai, dd cong, do xoan,
cong thic Frenet, tiép tuyén, phap tuyén, trung phdp tuyén, mit phang mat
tiép, mit phang phdp va mit phang truc dat. Chuong 2 trinh bay céc kién
thic co ban ctia 1i thuyét mit nhu: mit chinh quy, mit tham sd, céc loai do
cong trén mit, dudng tiém can, dinh li co ban vé d6 cong Gauss. Gido trinh
ciing 1am rd su thé hién va ting dung ctia hinh hoc vi phan trong thuc tién,
ciing nhu hinh hoc phé thong. Chiing t6i ciing trinh bay céch st dung phan
mém Maple hd tr¢ cho viéc vé hinh va tinh todn trong mén hoc. Ban doc
quan tim van dé st dung phan mém Maple 14p trinh tinh toan trong hinh
hoc vi phén c6 thé tham khéo thém trong 2 bai bao [11-12]

Trong qué trinh bién soan chic chan khong tranh khoi nhitng sai sot.
Chiing t6i rAt mong nhan dudc su déng gép clia ban doc d€ gido trinh ngay
cang tot hon.

TP. Cao Lanh, Ngay 18 thdng 6 nam 2018
Céc tac gia



DANH MUC KI HIEU

Ki hiéu Y nghia

A(Y) Dién tich ciia mét X

Vf Gradient cia ham f

ck Cac ham kha vi cip k € N*

c” Céc ham tron

H Ham do cong trung binh ctia mat

K Ham d6 cong Gauss cuia mat

R Trudng sb thuc

N Phap véc-td ciia mat

I Hinh 1ap phuong don vi [0, 1]"

S Siéu cau don vi trong khong gian R”
{T,N} Muc tiéu Frenet ciia dudng cong phang
{t,n,b} Muc tiéu Frenet ctia dudng cong trong R3
K Ham d6 cong cua dudng cong

T Ham dd xoan clia dudng cong

(X,¥), X.y, Xy Tich v6 hudng cia 2 véc-to X,y

|%| Chuén clia véc-t X.

[X,¥], X x ¥, X \Y¥ Tich c6 hudng ctia 2 véc-to X,y

(X,5,2) Tich hdn hop cia 3 véc-to X, 5,7

Pao ham riéng cia ham f theo bién x;
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Chuong 0

KIEN THUC CHUAN BI

§1  Tich v hudng chinh tic trén khong gian Oclit . .. 6
62 Tich c6 huéng cia 2 véc-to trong R> . . ... .... 7
§3  Phép bién déi dang cu trong khong gian Oclit . . . . 9
¢4 Daohamcuahamvéce-té ............... 12
§5 Hangchtaanhxakhavi ................ 14

Chuong nay nhéc lai mot s6 khai niém va dinh If trong 4 mén hoc Pai s6
tu yén tinh, Hinh hoc Oclit, Gidi tich I va Gidi tich III theo Chuong trinh Pai
hoc Su pham Todn hoc ciia Truong Pai hoc Pong Thadp. Sinh vién can tu 6n
tap lai cdc kién thiic nay trudc khi tim hiéu néi dung chinh ctia gido trinh.

§1 TICH VO HUGNG CHINH TAC TREN
KHONG GIAN OCLIT
Noi dung ctia muc nay dudc viét dua trén 2 tai liéu xem [7], [8].

1.1 Tich v6 hudng trén khong gian Oclit

Dinh nghia 1.1.1. Ching ta xem R” 12 mo6t khong gian véc-to thuc n-chiéu.
Tich vé hudng chinh tdc cla hai véc-to X va ¥ trén R”, ki hiéu (%,¥) hay ¥.y
hay Xy, dugc cho bdi

n
XY =Xy +x2y2 A Xyn = ) Xiviy (0.1.1)
i=1

G do X = (x1,x2,...,%,) Va¥ = (¥1,¥2,...,Vn)-
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Tich v6 huéng d6 cam sinh chudn |-| : R" — R} trén R” béi dang thiic

¥ = VEX = \/x3+ -+ x2. (0.1.2)

M6t co s tric chudn cia khong gian R” 1a mot hé gdm n véc-to ¢6 thi tu
{&1,&,...,&,} thod man

néui=j,
&&= {

0 néuij.

1.2 Mot s6 vi du

Vidu 1.2.1. Hé véc-to {¢(1,0,...,0),é2(0,1,...,0),...,6,(0,0,...,1)} la
mot co s6 truc chudn ctia R”. N6 dudc goi 1a co sd chinh tdc ctia R”.

Vi du 1.2.2. Hé véc-to
{&1(1,0,0),8(0,cos &, sinax),&3(0, —sine,cos o), &« € R}

12 mot co s truc chuin cia R3.

§2 TICH CO HUONG CUA 2 VEC-TO TRONG R3
Nbi dung ctia muc nay dudc viét dua trén 2 tai lidu [7], [8].
2.1 Pinh nghia va vi du
DPinh nghia 2.1.1. Cho hai véc-to d, b trong khong gian R>. Tich ¢ hbmng

(hay con goi 12 tich véc-to) ctia hai véc-to @,b 1a mot véc-to &, ki hiéu [, b]
hay da A b hay d x b, dudc xac dinh nhu sau:
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1. Néud =0 hoic b =0 thi [zz,Z} — 0.

2. Néud+#0vab+#0 thi
— [@,b] vudng goc v6i 2 véc-to @, b. Tic 1a, [Ei b|.d=a, ]
— Boba {Zi,b,é’} cung hudng véi {€)(1,0,0),2,(0,1,0),€3

nghia 12 ma trin chuyén tif co s& {El’,b,?} sang co s {51,22,23}
¢6 dinh thuic duong;

_ ][zi,z]] — | ‘B sin(a@, B).

Vi du 2.1.1. Trong khong gian R3 cho co sé chinh tic {&],¢,,¢3}.

€3

N

- a

A[C_L" g] bv\q?/
k—\ g
B

€1 L_i V[C_];,

=

Hinh 0.2.1. Tich c6 huéng ctia 2 véc-to trong khong gian R3
2.2 M@t s6 tinh chat hay dung

Tinh chét 2.2.1. Vi 3 véc-to 5(a1,a2,a3),5(b1 by,b3),¢(c1,c¢2,c3) trong
khong gian R3, ta co:

a3 ap
|by by

a1 az
b1 by

),.
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ay ay aj
4. (Ez’,b,8> - [a’,b} Z=|b by b
cl C €3

Pinh li 2.2.2 (7). Trong khéng gian R> cho 4 diém A,B,C,D khong dong
phdng. Chiing ta cé

1. Dién tich cia tam gidc ABC dugc tinh bdi cong thiic

s =3 8.2

2. Thé'tich ciia ti dién ABCD dugc tinh bdi cong thitc

Vapep = é ‘ <£,R,A—D>> ‘

Pinh li 2.2.3. Vdi 4 véc-to d, B, ¢vad trong khéng gian R>, ta co:

— - -

([a,B),[¢,d)) = (@,¢)(b,d) — (@,d) (b.©).

0.2.1)
Chitng minh
Ban doc dung biéu thiic toa do ctia tich c6 hudng 2 véc-to kiém tra truc tiép
nhu bai tap. 0

53 PHEP BIEN POI PANG CU TRONG
KHONG GIAN OCLIT

Noi dung ctia muc nay dugc viét dua trén tai liéu [7].

3.1 Pinh nghia va vi du

Dinh nghia 3.1.1. Mot anh xa ® : R” — R" dudc goi 1a mot phép bién doi
Oclit (Euclidean motion) hay phép bién doi ding cw cia R" néu né dudc
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chobi ®:x+—Ax+b,6d0b e R" va
AcO(n) ={XeR™|X'X=1}.
Mot anh xa dang cu ® dudc goi 1a bdo toan hudng néu

A€SO(n)={X €O(n)| detX =1}.

Vi du 3.1.1. Trong khong gian R”,

e Phép tinh tién T, : R” — R",x — x +v, § d6 v € R”, la phép bién
d6i dang cu bao toan hudng.

e Phép dbi xiing qua siéu phang
Dyy—0y i R — R, (X1, X0 1,%) = (X1, X1, —Xn)

12 mot phép bién ddi dang cu khdng bao toan hudng.

Vi du 3.1.2. Trén mit phang R?, phép bién ddi dang cu

AT 0959 —sin@ [x 03.1)
y sin@ cos0 y
12 phép quay quanh gbc toa dd O, géc quay 6 (Hinh 0.3.1). N6 12 mot phép

dang cu bao toan huéng.

Vi du 3.1.3. Trong khong gian R>, phép bién d6i dang cu

X cos@ —sinf® O X
y| = |sinB cosO O y (0.3.2)
Z 0 0 1 z

1a phép quay quanh truc Oz, géc quay 6 (Hinh 0.3.2). N6 1a mot phép dang
cu bao toan hudng.
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M/

Hinh 0.3.1. Phép quay quanh goc toa dé trong R>

MI

é‘

Hinh 0.3.2. Phép quay quanh truc Oz trong R>
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3.2 Tinh chit

Dinh li co ban ctia hinh hoc Oclit sau cho ta xac dinh mot phép bién déi
déng cu trong khong gian R”.

Dinh li 3.2.1 (Xem [4]). Cho {0: &} va {0 :n;} la 2 muc tiéu truc chudn
trong khong gian Oclit R™. Khi dé ton tai duy nhdt mot phép bién déi ding
cu P :R" — R" sao cho

®(0)=0"va B(E) =n,Vi=1,...,n.

$4 PAO HAM CUA HAM VEC-TO
Noi dung ctia muc nay dudc viét dua trén tai liéu [9].

4.1 Ma tran Jacobi cua ham nhieu bién

Pinh nghia 4.1.1. Cho U mé trong R", f : U - R, x9 = (x{,...,x9) e U
12 mot ham lién tuc. Néu ton tai

. f(x(l), ... ,x?fl,x? +h,x?+1, a9 —f(x(l), X9
h—0 h

thi gid tri nay goi la dao ham riéng thi i cda f tai xo, ki hiéu D; f(xp) hoac

d
a—f(xo) hodc fy,(x), v6ii=1,2,...,n.
X

Cho anh xa f = (f1, f2,---, fm) : R" — R kha vi tai a. Khi d6, ma tran

Difi(a) Darfi(a) --- Dufi(a)

D1f-2(a) szz(a) D"f.Z(a) (0.4.1)

'ta) hay Dfta) = | -
lem(a) D2fm(a) anm(a)

dudc goi 1a ma trdn Jacobi ciia ham f tai a.
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Vidu4.1.1. Cho f:R> — R3, (x,y) — (x?,y*,x—2y). Khi d6,

2a 0
flab)=|0 307,
1 -2

v6i hai s6 thuc a, b.
4.2 Tinh chit

Pinh li 4.2.1 (Quy tic liy dao haim cia ham sé hop).
Cho ham s6 f = (fi,f2,-+., fn) : U — R™ x+— f(x) =y khd vi tai a va
ham s g : R™ — R¥ khd vi tai f(a). Khi do F = go f khd vi tai a va ta cé

DiFi(a) =Y Digi(f(a)).Djfi(a), i=1Ln,j=1k (0.4.2)
=1

Vidu4.2.1. Cho f: R? — R3, (a,b) — (a*,b,a+b) va

g R — R (x,y,2) — (x+y*, x> +2).
Khido F = go f: R> — R?, (a,b) — (a® +b®,a* +a+D).
Ma tran Jacobi clia f,g va F 1an luot 1a:

2(1() 0

1 2y O
"(ag,bo)=| 0 3b? ! =
f(a07 O) BE g(x07y07Z0) 2% O 1)’
1 1
2a9 6B
F'(ay.by) = 0] .
ool = (3, °P)
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Ta kiém tra lai cong thiic (0.4.2)

2ag = 1.2a9+2y9.0+0.1,
6by = 1.0+ 2y0.3b5 +0.1 = 6.b3.b3,
4ad +1 = 2x9.2a9+0.04 1.1 = 4ad.ap+ 1,
1 =2x9.0+0.3bp+ 1.1.

Hé qua 4.2.2. Cho cdc gi: R — R la ham khd vi taityvéii=1,...,m

f:U CR™ — R la ham kha vi tai (g,-(to)). Khi do
F:R—R,t— f(g1(t),-,8m(1))

la mdt ham kha vi tai to va

m

F'(to) =) (D;f)(gi(t0))g;(t0), i =1,n.
j=1

5 HANG CUA ANH XA KHA VI
Noi dung muc nay dudc viét dua trén [9].

5.1 Vi phoi

va

Pinh li 5.1.1. Cho tdp U md trong R" va f : U — R™ khd vi ldp C" tai
a € U. Hang cua f tai a, ki hiéu rank, f, chinh la hang cua ma trdn Jacobi

cua Df tai a, titc la

rank, f := rank (Df(a)).

Nhan xét. Chiing ta dé thiy ring rank, f < min{m,n}.

(0.5.1)
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Tu do, ta c6 dinh nghia sau.

Dinh nghia 5.1.2. Néu rank, f = min{m,n} thi a dudc goi la diém chinh
quy (regular point) clia f. Ngudc lai, ta néi a 1a diém ki di (singular point)
cua f.

Dinh nghia 5.1.3. Cho hai tdp U,V md trong R” va f : U — V la song
anh. Néu f va f~! déu kha vi 16p C* thi f goi 1a vi phéi I6p C*. Vi phoi 16p
C* goi la vi phoi tron.

Cho tap U mé trong R" va f : U — R™. Ta néi f vi phéi tron dia phuong

tai xp néu ton tai mot 1an can Uy C U sao cho f|y, : Uy — f(Up) la vi
phoi tron.

5.2 Pinh li hAm an

Dinh 1i ham 4n 1 dinh 1i trung tAm ctia giai tich ham nhiéu bién s6. Tuy
nhién, viéc chitng minh né doi hdi phai st dung nhiéu kién thiic vudt khoi
kién thiic clia sinh vién nim 3 nén ta chap nhan dinh 1i nhu sau.

Pinh li 5.2.1 Pinh li ham an). Cho U, V tuong iing la cdc tdp md trong
R™, R™ va f:U xV — R" la mot ham khd vitrén U x V. Néu f(xq,yo) =0
tai mét diém (xo,yp) € U XV va

det (Dn+jf(x0,yo)>mxm # 0.

Khi do tén tai cdc lan cdn U(xo), V(yo) tuong ting ciia xo va yq trong U, V
va tén tai duy nhdt mot ham g : U (xg) — V (yo) khd vi sao cho

flx,g(x)) =0, VxeU(xp). (0.5.2)
Ham g duoc goi la ham an dia phuong xdc dinh bdi phuong trinh f{x,y)=0.
Vidu5.2.1. Cho F : R? — R, (x,y) — x> +y*> —2.

Khi d6 F(1,1) =0 va DF(x,y) = (2x 2y), suy ra detDyF(1,1) =2 #0.
Do d6 ta c6 thé giai phuong trinh x? 4+y?> —2 = 0 theo y mot cich dia



