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PHAN CONG BIEN SOAN

Doan Minh Cuong : Chu bién, bién soan cdc chuyén dé 1, 2, 3, 4, 8
Trinh Hoai Duong : Bién soan cdc chuyén dé 5, 6, 7

Tran Van Khai

va Trinh Hoai Duong : Bién soan cac chuyén dé 9, 15, 16, 17, 18, 19, 20
P6é Thanh Son : Bién soan cdc chuyén dé 10, 11, 12, 13, 14.

MOT SO Ki HIEU, VIET TAT DUNG TRONG SACH

THPT : Trung hoc pho thong ;
DHKHTN : bai hoc Khoa hoc Ty nhién ;
DHSP : bai hoc Su pham ;
DHSPHN : bai hoc Su pham Ha Noi ;
bPHQG : Pai hoc Quadc gia ;
DPHQGHN : Pai hoc Quoc gia Ha Noi ;
GTLN : Gia tri 16n nhat ;

GTNN : Gia tri nho nhat ;

HSG : Hoc sinh gioi ;

VT: VE trai ;

VP: V& phai ;

dpcm : diéu phai chiing minh ;

(x =1a;y = Fb): (x =a;y = —b) hoac (x = —-a;y =b).



Hién nay, mang ludi cdc trudng Trung hoc phé thong chuyén (THPT
chuyén) da phat trién & khip cdc tinh, thanh pho ca nudc. Trong cdc ki thi vao
THPT chuyén, ngoai mon thi chuyén, cdc em hoc sinh déu phai lam 3 bai thi bat
buoc la Toan, Ngit van, Tiéng Anh.

Nham gidp cdc em hoc sinh, cdc thdy co gido, cdc bac phu huynh cé mot
tai lieu on thi, Nha xuat ban Gido duc Viét Nam di t6 chic bién soan bo sich
“On thi vao 16p 10 Trung hoc phd thong chuyén” gom cdac mon hoc: Toan, Vat
1i, Héa hoc, Sinh hoc, Ngit van, Tiéng Anh. Cuén sach “On thi vao lop 10
Trung hoc phé thong chuyén - Mén Todn” 1a mot cuén trong bo sach nay. Dé
c6 thé bam sit noi dung cdc dé thi vao THPT chuyén, ching to6i dd moi céc tdc
gia 1a nhitng gido vién day Todn lau nam, nhiéu kinh nghiém ctia mot s6 trudong
chuyén c6 tiéng trong ca nudc tham gia bién soan. Cac tic gia cua tai liéu nay
la cdc thay gido:

— Doan Minh Cuong (cht bién) (THPT Chuyén — DHSP Ha Noi)

— D6 Thanh Son (THPT chuyén PHKHTN — DHQG Ha Noi)

— Tran Van Khai va Trinh Hoai Duong (THPT chuyén Ha Noi — Amsterdam).

Cuon siach gdm ba phan: Phdn thit nhdt gom 20 chuyén dé bao quat toan bo
cdc noi dung co ban ctia mon Todn cép Trung hoc co s& va nodi dung céc dé thi
tuyén sinh vao céc truong THPT chuyén. Phdn thit hai gidi thiéu véi ban doc 9
dé thi chinh thitc nam hoc 2012 - 2013 ciia mot s6 truong THPT chuyén va 2 dé
thi tw luyén. Phan thit ba la huéng dan gidi cdc bai tdp ciia cdc chuyén dé va ddp
an hodc hudng dan gidi cac dé tham khdo.

N6i chung, méi chuyén dé gém 3 phan:

A. Kién thiic co ban

B. Mot so6 ki thuat dac trung va vi du minh hoa

C. Bai tap tu luyén.



Vi khuon khé cuén sdch c6 han nén cac tdc gia chi tap trung trinh bay nhiing
noi dung dién hinh nhat thuoc hai loai:

— Céc noi dung co ban sat véi ndi dung bai thi mon Todn vong 1 cho tit ca
céc thi sinh du thi vao THPT chuyén.

— Mot s6 ndi dung nang cao doi hoi nhiing ki nang dac biét, huéng tGi bai thi
mon Todn vong 2 cho cdc hoc sinh thi vao chuyén Toan.

Thoi gian chuédn bi ban thao khong nhiéu ma lai mong muén cuén sach phuc
vu dong dao cac ban hoc sinh thi vao cac 16p chuyén, cac truong chuyén cua ca
nudc, vi vay cuon sach kho tranh khoi nhitng thi€u sét. Cac tac gia rat mong
nhan duoc thu gép y cliia cdc em hoc sinh, cac thay co6 gido va cac bac phu
huynh. Moi y kién gép y xin gui vé theo dia chi : Ban Todn - Tin, Nha xudt bdn
Gido duc Viét Nam - 187B Gidng Vé - Ha Noi.

C4c tac gia xin chan thanh cam on TS. Tran Hitu Nam, Trudéng Ban bién tap
sach Toan Tin da doc, gép y ban thao va gidp céc tdc gia tuyén chon phan gidi
thiéu cdc d¢ thi tham khao, cdc bién tap vién, Ths. Nguyén Ngoc T, Ths. Dang
Vian Tuyén da bién tap, doc ki ban théo, tao cac diéu kién dé cdc tdc gia hoan
thanh cuon sach nay.

Hi vong rang, cudn sach s& 1a tai liéu tham khao hitu ich gidp cdc em hoc
sinh chudn bi t6t nhat cho ki thi vao trudong THPT chuyén sip t6i ciia minh.

Thay mat cac tac gia
Chu bién
DOAN MINH CUONG



Phan mot

CAC CHUYEN BE

A. SO HOC

Chuyén dé 1
CHIA HET

A. KIEN THUC CO BAN

Céc dé thi tuyén sinh vao 16p 10 chuyén thuong c6 bai toan chia hét. Loai bai
tap nay doi hoi hoc sinh thanh thao cac ki ndng bién d61 dong nhat (rut gon biéu
thirc, phan tich thanh nhan tir), ngoai ra hoc sinh cting can nam virng mét so khai
niém co ban: s6 nguyén, sd nguyén t6, hai sé nguyén té ciing nhau, sy chia hét cta
hai s6 nguyén.

1. Phép chia trong tap sé nguyén

Dinh li- Néu da cho hai s6 nguyén a, b trong d6 b # 0 thi luon thyc hién
dugc phép chia a cho b tire 1 tim duoc duy nhat mot cip sd nguyén q (thwong), r
(sb dur) thoa man didu kién a =bq +1, 0 <r < |b|

Nhin xét thwong ding: Khi chia n +1 sd nguyén cho n (n >1) luén tim
duoc it nhat hai s6 du bang nhau.

2. Khai niém chia hét

Néu a, b 1a hai s6 nguyén di cho (trong ddb # 0) thi ta néi a chia hét cho b va
ki hiéu 12 a:b néu sd du ctia phép chia a cho b 13 0, tirc 1a néu ton tai s6 nguyén q
sao choa = bq.

Néu a chia hét cho b thi ta ciing néi:

a 14 boi s6 nguyén cua b ;

b 12 wdc s6 nguyén cua a ;

b chia héta (vaviétla b | a).

Nhdn xét thwong ding: Trong n s6 nguyén lién tiép ludn c6 it nhat mot s chia
hét cho n.



3. Hai s6 nguyén to cung nhau
Hai s6 nguyén a, b dugc goi 1a nguyén t6 cung nhau néu hai s6 nay chi cé mot
udc s6 chung duy nhat1a 1.

4. S6 nguyén to

S6 nguyén duong p 1a s6 nguyén t6 néu p > 1 va p chi c6 dung hai uéc sb
nguyén la 1 va p.

5. Mt s6 tinh chit thuwong ding

a) Bdc cau: Néu a‘b va bic thia‘c.

b) Cong: Néuaim va bim thi (axb)im.

¢) Nhdn: Néu aim va bin thi ab:mn.

d) Bgi s6: Néu knguyénva a:n thi kan.

e) Tuyén tinh: Néu ka + hb + Ic = 0, trong d6 a,b,c € Z";k,,h Z*;afd
thi b s& chia hét cho d khi va chi khi ¢ chia hét cho d.

f) Riit gon: Néu ab’c vab, ¢ nguyén té cing nhau thi a‘c.

g) Néu p nguyén t6 va p 1a udc ciia ab thi p 1a uc ciia a hodc b. Pac biét, néu

p nguyén td va aip thia'p.
h)Néu a,b e Z,a # b,n € N thi (an —bn)f(a—b).

i)Néu a,be Z,a # —b,n € N thi (a2n+1 +b2n+1)f(a+b).

7) Néu m, n la hai s6 nguyén t6 cung nhau déu la udc cua s6 nguyén a thi mn
cling 1a udc cua a. Bac bié¢t, néu hai s6 nguyén t6 khac nhau p, q déu la udc cua so
nguyén a thi tich pq cling 1a udc cua a.

B.MOT SO KI THUAT PAC TRUNG VA Vi DU MINH HOA

1. Ki thuat 1: Str dung két qua hién nhién (suy truc tiép tir nguyén li Di-rich-18):
Trong hai sd nguyén lién tiép luon c6 mot sb chia hét cho 2, do d6 tich hai s
nguyén lién tiép luén chin; trong 3 sb nguyén lién tiép luén co mot s6 chia hét
cho 3, do d6 tich 3 s nguyén lién tiép ludn chia hét cho 6; ...

Vi du 1. Chirng minh rang tich 2 s6 chin lién tiép ludn chia hét cho 8; tich 3
s6 chin lién tiép ludn chia hét cho 48.



Gidi
Hai s6 chdn lién tiép 2k va 2k + 2 c6 tich 4k (k +1):8.
Ba s6 chin lién tiép 2k; 2k + 2;2k + 4 c6 tich 8k (k +1)(k +2):48.
2. Ki thuat 2: Phan tich thanh nhan tir.

Vi du 2. Ching minh rang véi moi n nguyén, sb6 A = n® —n ludn chia hét
cho 6.
Giai
Phéan tich thanh nhan tir ta dugc A = (n - l)n (n + 1) 1a tich 3 sb nguyén
lién tiép, do d6 A ‘6.
3. Ki thuat 3: Thém bdt mdt boi.
Vi du 3. (THPT chuyén — DPHKHTN — DPHQOGHN, nam 1996) Chiing minh
rang voi moi n nguyén duong, s6 A = n® + 5n ludn chia hét cho 6.
Giai

Taco A=(n’=n)+6n=(n-1)n(n+1)+6n.Dodo Ai6 véi moin.
4. Ki thuit 4: St dung tinh chit (an —bn)f(a—b) ndua=b, neN,

a,b € Z hodc ding tinh chat (a2n+1 + b2n+1)f(a +b) néu a#-b, neN,
a,beZ.
Vi du 4. (THPT Chuyén — PHSPHN, ndm 1998) Ching minh rang voi moi n
tu nhién, s6 A = 5" (5” + 1) - 6" (3” + 2“) luén chia hét cho 91.
Giai
Vi 91 = 13.7 dong thoi 13 va 7 1a hai s6 nguyén t6 khac nhau nén dé ching
minh khang dinh da cho, chi can ching minh A chia hét cho 13 va A chia hét cho 7.

Mit khéc, A = (25“ —18“)—(12n —5“) chia hétcho 25-18=12-5=7.

Tuong tu, A = (25n —12“)—(18“ —5n)chiahétcho 25-12=18-5=13.

Tir d6 suy ra diéu phai chtrng minh.



Vidu 5. (THPT Chuyén —PHSPHN, ndm 2001) Chimg minh ring véi moi s6 nguyén
duongn, ludncé A =1° +2° +3° + ...+ n° chiahbtcho B=1+2+3+...+n.
Giai
n(n+1)
5
Lai ¢ 2A=(n5 +15)+[(n—1)5 +25}+[(n—2)5 +35J+...+(15 +n5)

Dé thiy B =

chia hét cho n+1 vi mdi sé6 hang & vé phai déu chia hét chon +1.

Tuong tu, 2A — 2n° = [(n — 1)5 + ISJ + [(n - 2)5 + 25} + ... chia hét cho n, do

d6 2Ain.Ma nva n+1 1a hai s0 nguyén t6 cing nhau nén 2Ain(n +1) hay
2A:2B.

Tu d6 A:B (dpcm).

5. Ki thuit 5: Thay bang mot bdi so.

Vi du 6. Chimg minh rang véi moin € N, s6 A = n +3n+5 khong phai la
boi s6 nguyén cua 121.

Giai
Néu Al121 thi 4A =(2n+3)" +11i121, suy ra (2n+3)°i11, do do

2n + 3 chia hét cho 11, tr d6 lai suy ra (2n +3)° 1121 v 4A = (2n +3) +11
khong chia hét cho 121, v6 1i (dpcm).

6. Ki thuat 6: Xét cac sd du.

Vidu 7. (THPT chuyén —DHKHTN —PHQGHN, nam 1999)

Tim tit ca cac s6 nguyén duong n thoa man diéu kién n? +9n — 2 chia hét
cho 11.

Giai

Goi r la du cia phép chiancho 11 thi 0 <r<11 va n?+9n-2 cung du
voi 2 +9r — 2 khi chia cho 11. St dung may tinh cim tay, mode TABLE, ta
duoc bang gia tri cua f(r) = r? +9r—2 véi r = 0;1;2;...;10 trong d6 chi c6 hai
gid tri 1a boi cua 11, d6 1a £(6) =88;f(7)=110. Do d6 cac sb nguyén duong

can tim 1 va chi 1a cac s6 ¢6 du 14 6 hodc 7 khi chia cho 11.



Nhin xét: Néu f(x) 1a mot da thirc v6i hé sé nguyén va m 1a mot sé nguyén
duong di cho thi dé tim cac s6 nguyén n sao cho f(n) 12 boi ctia m ta chi can tinh
cac gia tri cua f(x) voix = 0;1;2;...;, m — 1.

C.BAITAP

1.1. Ching minh ring néu sd nguyén n khong chia hét cho 2 va 3 thi sb
A = 4n% + 3n + 5 chia hét cho 6.

1.2. Chimg minh rang v&i moi s6 nguyén n, s6
A =n* —14n® + 7In® — 154n + 120 chia hét cho 24.

1.3. Tim cac s6 nguyén duong n sao cho s6 A = n? + 3n — 38 chia hét cho 49.

1.4. Chimg minh rang v6i moi sb n chin déu co s6 A = n* —4n’ — 4n? + 16n
chia hét cho 384. (Thi HSG Todn toan quéc I6p 9, nam 1970)

1.5. Chimg minh ring v6i moin 1¢, s A = n* + 7 (7 + 2n2) chia hét cho 64.

1.6. Ching minh ring v6i moi n chin,n’ + 1964n:48.
1.7. Chimg minh rang s6 A = n® +3n% —n — 3 chia hét cho 48 v&i moi n lé.

8 _n* +1 chia hét cho 512 véi moin 1é.

1.8. Chimg minh ring s§ A = n'? —n
1.9. Chimg minh rang véimoin € Z, s A = n?+n+2 khong chia hét cho 3.

1.10. Ching minh ré“mg véi moi s6 tu nhién n, s6 A = 9n° +9n% +3n - 16 khong
1a boi s6 clia 343.

1.11. Chimg minh rang véi moi sd ty nhién n, s6 A = 4n® — 6n° + 3n + 37
khong 13 boi sb cia 125.

1.12. Ching minh ring véi moi sb tw nhién n, s6 A = 62" +19™ — 2! chia hét
cho 17.

1.13. Chig minh ring 2%"5°" —1980" — 441" +1:1979,Vn € N.

1.14. Ching minh rang voi moi n nguyén 1é, s6 A = 118" —101" —16™ —1 ludn
chia hét cho 3978.



1.15. Cho m, n 14 hai s6 nguyén. Chimg minh rang haisé a = m + 2n, b = n + 2m
cung chia hét cho 3 hoic cing khong chia hét cho 3.
1.16. Cho f (x) = ax® + bx + ¢ nhan gia tri nguyén véi moi x nguyén. Hoi a, b,
¢ c6 nhat thiét phai 14 cac sé nguyén hay khong? Tai sao?
(THPT chuyén — DPHKHTN —DHQGHN, nam 2001)

1.17. Cho sb tu nhiénn > 3. Goi q 1 thwong va r 1a du cua phép chia 2" cho 10.
Chtng minh rang qr:6.
(Thi HSG Todn I6p 9 toan quéc, ndm 1994)

1.18. Cho hai s nguyén duong a, b. Chimg minh rang 5a2 + 15ab — b? chia hét
cho 49 khi va chi khi 3a + b chia hét cho 7.

Chuyén dé 2

SO NGUYEN TO. SO CHINH PHUONG.
SO LAP PHUONG PUNG

A. KIEN THUC CO BAN

Vi moi sd tu nhién déu phan tich dugc thanh cac nhan tor nguyén td nén viéc
nghién ctru cac so ty nhién quy vé vi¢c nghién ctru cac s6 nguyén to. Cac s6 chinh
phuong (binh phuong ciia mdt s6 nguyén) va cac so 1ap phuong ding (1ap phuong
cua mot sO nguyén) c6 nhitng tinh chat 1i thi va cling thuong xuat hién trong céc
dé thi hoc sinh gioi, thi tuyén vao cac truong chuyén.

1. S6 nguyén tb

Céc sb nguyén duong a > 1 duoc chia thanh hai loai: s6 nguyén t6 va hop sé.
Néu a chi c6 ding hai wéc s6 nguyén (1a 1 va a) thi a 13 sé nguyén t6; néu nguoc
lai thi a 13 hop sb.

2. Phén tich mdt s6 tw nhién thanh tich céc thira s6 nguyén t6

MB&i s tu nhién a = 0 déu c6 thé phan tich thanh tich cac thira s6 nguyén td,
tirc 1a viét duge dudi dang a = p;'.py2.p33..pp%, trong d6 Py, Py, P3seer Px 12

nhitng s6 nguyén t0 phan bi¢t va n;,n,,ns,...,n, la nhitng so6 tuw nhién.
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Chii y: Néu khong ké dén tht tu cac thira sd thi su phén tich trén 1 duy nhdt
va dugc goi la dang phan tich tiéu chuan cta so tu nhién a.

3. S6 chinh phwong va s6 1ap phwong ding

Céc s6 chinh phuong 13 cc binh phwong ctia s6 nguyén, tirc 13 cac sb dang n?,
trong d6 n 1a s6 nguyén.

Céc sb 1ap phuong dung 1a cac 1ap phuong cua sd nguyén, tirc 1 cac s dang n’,
trong d6 n 1a s6 nguyén.

4. Mt s6 tinh chit thwong dung

a) Tich cua hai sb nguyén chia hét cho sb nguyén t5 p khi va chi khi mét trong
hai thira s chia hét cho p.

b) Sé chinh phuong n? chia hét cho sb nguyén té p khi va chi khi nip. S6
chinh phuong n? chia hét cho s6 nguyén to p thi ciing chia hét cho p2 .

¢) Céc sb chinh phuong chin déu chia hét cho 4. Cac s chinh phuong 1é déu
c6 du 1 khi chia cho 8.

d) Cac sb chinh phuong chia hét cho 3 thi ciing chia hét cho 9. Céac sb chinh
phuong khong chia hét cho 3 déu c6 du 1 khi chia cho 3.

e) Néu tich hai s nguyén n = a.b 1a s6 chinh phuong thi hai thira s6 a, b ¢6
dang a = m.cz,b = m.d®.

f) Giira hai s6 chinh phuong lién tiép n* va (n+ 1)2 khong ¢ sd chinh
phuong nao.

g) Néu a = n’ 1a sb 1ap phuong dung khong chia hét cho 3 thi khi chia sb a
cho 9 ta dugc du 1 (néu n chia 3 du 1) hodc du 8 (néu n chia 3 du 2).

B.MOT SO KI THUAT PAC TRUNG VA Vi DU MINH HOA

1. Ki thuat 1: Phan tich thanh nhan tr.
Vi du 1. Chimg minh rang néu n 13 sb nguyén 16n hon 1 thisb a = nt +4" 1a
hop so0.
Gidi
Néu n chén thi a chin va 16n hon 2 nén a 1 hop sé.
Néunléthin =2k +1,(k € Z,k 2 1), dodd

11



2 2
a=n% 44" = n% 442kl 4 (22k+1) _ (nz " 22k+1) _ 2 92k+2
_ (nz 4 o2kl n'2k+1)(n2 4 o2kl _ okl )
Ap dung bét dang thirc Co-si ta co

02 4 o2kl s 2n.\/22k+1 _ n\/22k+3 -1 /22k+2 _ okt

= n? + 22 > ok L) o 2 4 22 okl g (dau "=" khong xay ra).

Tir d6 suy ra a ciing 13 hop sd.

2. Ki thuat 2: Sir dung mot s6 tinh chét dic trung cua cac sb chinh phuong.

Céc sd chinh phuong c6 mot s6 ddu hiéu dic trung thiét 1ap nhitng diéu kién
can dé nhan biét mot sé nguyén co phai 1a sé chinh phwong hay khong. Mot sb
dau hiéu dic trung thudng dung ciia cac sd chinh phuong la:

— Moi $6 chinh phwong chan déu chia hét cho 4; moi sé chinh phwong 16 khi
chia cho 8 déu cé duw la 1. Vi vdy, cic sé dwong chan khéng la béi sé cia 4 déu
khéng la sé chinh phiwong; cdc sé dwong 1é ma khi chia 8 khéng cho dw 1 ciing
khéng phdi la so chinh phirong.

— Moi s6 chinh phuwong khi chia cho 3 déu chi ¢é dw la 0 hodc 1; néu sé chinh
phirong chia hét cho 3 thi ciing chia hét cho 9. Vi vdy néu sé dwong n c6 duw 2 khi
chia cho 3 thi khéng la sé chinh phuong.

— Chi 56 tdn cung ciia s6é chinh phwong khéng thé 1a 2; 3; 7; 8.

— Mot s6 chinh phirong la béi ciia sé nguyén 16 p thi ciing la bgi ciia pz.

Vi du 2. Chirmg minh rang néu a, b 13 hai s6 1¢ thi sé n = a’ + b2 khong phai
1a s6 chinh phuong.

Giai

Vi a, b 1é nén n chin, do d6 néu n 1a s6 chinh phuong thi n phai chia hét cho 4.
Mit khac, vi a?,b? 1a nhimg sb chinh phuong 1¢ nén a?,b? déu ¢ du 1 khi chia
cho 4, do d6 n = a® + b?c6 du 2 khi chia cho 4, vo I (dpcm).

Vi du 3. Tim sb nguyén duong k nhé nhét c6 tinh chat 1a tong cua 19 sb
nguyén lién tiép k + 1,k + 2,...,k + 19 1a s6 chinh phuong.

Giai
Xéttong S = (k+1)+(k+2)+...+(k+19)=19(k +10).
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Vi S 14 boi cua 19 (nguyén t6) nén néu S chinh phuong thi S chia hét cho19?,
do d6 (k +10) phai la bdi ctia 19. Vay s6 k nho nhat thoamanla k = 9.

3. Ki thuét 3: Kep giita hai s6 chinh phuong lién tiép.

Dé ching minh mot sé nguyén a khong phai 1a sd chinh phuong, ta c6 thé im
cach "kep" a giita hai sé chinh phwong lién tiép: n? < a < (n+ 1)2 r0i suy ra a
khong chinh phuong.

Vi du 4. Tim s6 nguyén duong n sao cho n (n + 1) 1a s6 chinh phuong.

Giai

Tathiy n® <n(n+1)<(n+ 1)2 ,¥n € Z*, do d6 n(n + 1) khong phai 1a
s6 chinh phuong. Vi vay khéng c6 s6 nguyén dwong n nao thoa man yéu ciu
bai toan.

4. Ki thuat 4: Xét cac 16p dong du.

Co so ciia phuong phép nay 13 nhan xét sau ddy: Véi mdi sé tu nhién n > 1,

ki hiéu D, 14 tap hop cic s6 nguyén c6 du r khi chia cho n.

Trong n s6 my, m;, m,, ms,...,m,_, trongdé m; € D;, (i=0;1;2;..;0—1)
luén tim duge mot sb chia hét cho n.
Vi du 5. Tim sd nguyén duong n sao cho n —10;n +10;n + 60 déu 1a sb
nguyén to.
Giai
Tathly n—10 = (n—10)+0;n +10 = (n —10) + 20;

n+60 =(n—10)+ 70 vaba sd 0; 20; 70 khi chia cho 3 nhan duoc ba s6 du

khéac nhau, do d6 khi chia ba s6 n —10;n +10;n + 60 cho 3 ta cling nhan duoc

ba s du khac nhau. Vi vdy trong ba sd nay phai c6 sé chia hét cho 3. Nhung theo
gia thiét, ca ba s6 déu 1a s6 nguyén td, suyra n —10 =3 = n = 13.
Thr lai tathéyv(yi n =13 thi n —10;n +10;n + 60 1a 3; 23; 73. Vay n = 13.

C.BAITAP

2.1. Ching minh rang véi moi sd nguyén tép > 3, s6 a = p2 —1 Iudn chia hét
cho 24.
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2.2. Tim c4c s6 nguyén td p sao cho sb p2 + 2018 ciing 1a s6 nguyén td.

2.3. Ching minh ring a = 222013 + 5 1a hop sb.

2.4. Ching minh rang néu p va p2 + 2 déu la s6 nguyén td thi p6 + 4 ciing 1a sb
nguyén to.

2.5. Tim tat ca cac sO nguyén dwong n sao cho ca ba s6 n,n + 10,n + 14 déu 1a sd
nguyén to.

2.6. Tim tit ca cac sb nguyén t6 p sao cho p + 2;p + 6;p + 8 p + 14 déu la sd
nguyén to.

2.7. Tim tat ca céc s6 tu nhién n sao cho n + Ln +3;n + 7;n + 9;n + 13;n + 15
déu 1a s6 nguyén to.

2.8. S6 ndo trong cac sb sau day 1a s6 chinh phuong ?
a =12345678910111213; b =1234567891011121314151617,
c =1234567891011121314151617181920212223.

2.9.86 a =1+19" + 93 +1993'9%* ¢4 phai 1a s6 chinh phuong hay khong ?
2.10. Tim tat ca cac s6 tyr nhién n sao cho a = 3" + 4 1a s6 chinh phuong.

2.11. Tim céc sd nguyén n sao cho a = n* +2n° + 2n% + n + 7 1a 56 chinh phuong.
(THPT chuyén — DHKHTN —DHQGHN, nam 1992)

2.12. Tim c4c s6 nguyén n sao cho a = n? + 2002 1a sb chinh phuong.

(THPT chuyén — PHKHTN — DPHOGHN, nim 2002)

2012 4 1 1a s6 chinh phuong.

2.13. Tim c4c s tu nhién 1é n sao cho a = n

2.14. Chimg minh rang véi moi sd ty nhién n, s a = n!+ 2014 déu khong phai
1a sb chinh phuong.

2.15. Tim tat ca cac s6 chinh phuong c6 tong cac chit s bang 2013.

2.16. Tim tat ca cac s6 nguyén dwong n sao cho a = p;.p,..p, — 1 1 s6 chinh

phuong, trong d6 py,p,,..., p, 1an s6 nguyén tb dau tién.
2.17. Tim céc s ty nhién n sao cho 23" + 1971 1a s6 chinh phuong.

2.18. Tim tit ca cac s6 nguyén té p dang p = n" + 1, (n € N*) biét ring p co
khong nhiéu hon 19 chir s6.
(THPT Chuyén — DHSPHN, nam 2000)
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Chuyén dé 3

PHUONG TRINH NGHIEM NGUYEN

A. KIEN THUC CO BAN

Céc dé thi tuyén sinh vao 16p 10 chuyén thudng c6 bai toan chia hét. Loai bai
tap nay doi hoi hoc sinh thanh thao cc ki ning bién dbi dong nhat (rat gon biéu
thirc, phan tich thanh nhan tir), ngoai ra hoc sinh cling can nim viing mot sd khai
niém co ban: s6 nguyén, s6 nguyén to, hai s6 nguyén to cung nhau, su chia hét cia
hai s6 nguyén.

Céc phuong trinh nghiém nguyén rit da dang, c6 nhidu phuong phap gidi
khac nhau. Khong thé ké ra tat ca cac dang phuong trinh nghiém nguyén hay liét
ké ra tit ca cac phuong phap giai ching. Tuy vy, chung t6i s& rit ¢ ging tong
két mot sb kinh nghiém giai nhiing phuong trinh nghiém nguyén don gian.

1. Phuong trinh nghiém nguyén

D6 1a cac phuong trinh mot an hay nhiéu an voi hé sé nguyén va yéu cau tim
cac nghiém ldy gia tri trong tap s6 nguyén. Mot vi du noi tiéng vé phuong trinh
nghiém nguyén 1a BDinh li [on Phéc-ma (Fermat) sau day:

Khéng ton tai cdc nghiém nguyén khdc khéng x, y va z ciia phwong trinh
x" +y" = 2" trong d6 n la mét sé nguyén 1ém hon 2.

Bai toan c6 phat biéu cuc ki don gian nay di 1am "nat 6c" nhiéu thé hé cac
nha toan hoc trong su6t bon thé ki va chi mai dugc giai quyét bai Andrew Wiles
nam 1993.

2. Mt s6 phwong phép giai phwong trinh nghiém nguyén

Dé giai cac phuong trinh nghiém nguyén, hoc sinh phai nam rat vimg céac kién
thire sb hoc, dai sb. Sau day 1a mot sé goi ¥ vé phuong phap cho cac em trong
viéc giai cac phuong trinh nghiém nguyén. Noi dung cu thé va cac ki ning van
dung cac phuong phap nay s& dugc trinh bay chi tiét trong phan 2 (Mot s6 ki thuat
dac trung va vi du minh hoa).

— Phuong phap danh gid mién gia tri ciia cac bién.
— Phuong phap dua vé phuong trinh tich.
— Phuong phap kep.
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— Phuong phap sir dung tinh chat chia hét.
— Phuong phap xudng thang.
— Phuong phap cuc han.

B.MOT SO KI THUAT PAC TRUNG VA Vi DU MINH HOA
1. Ki thuit 1: Danh gia mién gia tri.
Sur dung cac bat déng thirc, tinh chat cac sd nguyén, tinh chia hét dé danh gia
mién gia tri cua cac bién.
(Phwong phdp danh gid mién gid tri cia cdc bién)
Vi du 1. Tim tat ca cac cip sb6 nguyén (X; y) thoa man x> — 4xy + 29y2 =400.
Giai
Xem phuong trinh dd cho 1a phuong trinh 4n x tham s y, ta co
A'=125 (16 - y2) nén x =2y £ 5,/16 — y2 . Phuong trinh c6 nghiém nguyén khi
va chi khi
y2 € {O; 1;4; 9;16}

2
&y el0;16f &y €150;144.
16 —y* € {0;1;4;9;16} (1) 1024

Str dung x = 2y £ 54/16 — y2 , suy ra cac nghiém nguyén cua phuong trinh da
cho la (x =120y = O),(X =8 y= 4),(x =-8y= —4).
2. Ki thuit 2: Phan tich thanh nhan tir.
Bang cach phan tich thanh nhan tir, dua phuong trinh di cho vé dang f.g = a
trong do a 1a mot sO nguyén ; f, g la hai da thirc chtra bién vdi hé s6 nguyén.
(Phwong phdp dwa vé phirong trinh tich)
Vi du 2. Tim nghiém nguyén cua phuong trinh x + xy +y =9.
(THPT chuyén — DHKHTN —DHQGHN, nam 2002)
Giai
Viét lai phuong trinh vé dang (X + 1) (y + 1) =10.

Tir d6 (x +1) 14 uéc s6 nguyén ctia 10, do d6 (x + 1) € {£1;2;+5;+10} .
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Ta c6 bang sau

x+1 1 -1 2 -2 5 -5 10 -10
y+1 10 -10 5 -5 2 -2 1 -1
X 0 -2 1 -3 4 —6 9 -11
y 9 -11 4 —6 1 -3 0 -2

(dap s6 cho trong hai dong cudi ciia bang).

Vi du 3. Chting minh rang v6i moi n nguyén, sé6 A = n® — n ludn chia hét cho 6.

Giai

Phan tich thanh nhén tir ta dugc A = (n —1)n(n + 1) 1a tich ba s6 nguyén lién
tiép, do dOA 6.

3. Ki thuat 3: Kep giita hai luy thira nguyén ciing bac lién tiép.

St dung tinh chit: Giira a" va (a + l)n 1a hai luy thira cting bac n cta hai sb
nguyén lién tiép a,a + 1 thi khong co6 luy thira bac n ctia bt ctr s nguyén nao.

(Phwong phap kep)

3 3
:y.

Vi du 4. Giai phuong trinh nghiém nguyén 1+ x + X2 +x
Giai
Vi trong khoang (~1;0) khong c6 s6 nguyén nao nén
X2 +x :X(x+1)>O,Vx € Z\{—l;O} = x> +x >0,Vx € Z,do do
X2 <1l+x+x2+x° S(x+1)3.

Vi vay néu (X; y) la mot nghiém nguyén cua phuong trinh da cho thi

3 3

y  =(x+1

( ) <:>(X;y)e{(X=—1;y=0),(x=0;y=1)}.
X € {—1; 0}

DPap sé:(x =-Ly=0),(x =0y =1).

4. Ki thuit 4: Chia hét va chia c6 du.

St dung cac déu hiéu chia hét ; chit sd tn cing cua cac s6 chinh phwong ; dic
diém vé sb du cia cac sb chinh phuong, cic luy thira bac ba dung cua sé nguyén
khi chiacho 3; 4; 8;9; ...

(Phwong phdp sir dung tinh chia hét va chia c6 du)
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Vi du 5. Giai phuong trinh nghiém nguyén 20x> + 13y? = 2014.
Giai
Tur phuong trinh da cho suy ra khi chia 13y2 cho 4 phai c6 du 1a 2. Diéu nay
khong bao gid xay ra vi khi chia 13 cho 4 ta dugc du 1a 1, con sb chinh phuong
y2 khi chia cho 4 chi c6 thé ¢6 du 1a 0 hodc 1. Vay phuong trinh da cho khong co
nghiém nguyén. ’
5. Ki thuat 5 Xuodng th?ng. , ,
Str dung khang dinh hién nhién sau day: SO ty nhién x chia hét cho moi luy
thira v6i s6 mii nguyén duong cua sb a (a > 2) khi va chi khix =0.
(Phwong phdp xudng thang)
Vi du 6. Tim cac nghi¢m nguyén cua phuong trinh x> = 2y3 +42°.
Giai
Tur phuong trinh da cho suy ra x:2,nén x = 2x,(x; € Z).
Thé tré lai phuong trinh ta co SXf = 2y3 +47° & 4xf’ = y3 +22°.
Tuong tutalaisuyra y = 2y1,(y1 € Z).
Tu day lai suy ra z = 2z, ,(zl € Z) va thay tr¢ lai phuong trinh da cho ta suy

ra xf = 2y13 + 4z13 , nghia 1a néu (x; y; z) la mot nghiém nguyén cia phuong trinh

thi [i-l-f] cling 1a nghiém nguyén cua phuong trinh, do do6 [ *. Y.z j,...,

27272 52752752
X 'y z A 1s n A \
—;—;—|,... déu la nghiém nguyén cuia phuong trinh.
2" 2t 2t

Dic biét, ca ba sd nguyén x,y,z déu chia hét cho moi luy thira nguyén duong
cia s6 2, do d6 x =y =z =0. Thir lai, ta thiy x =y = z = 0 thoa méan phuong
trinh. Dép s6:(x = 0;y = 0,z = 0).

6. Ki thuat 6: Cuc han.

Nguyén li cuc han ¢6 ndi dung cuc ki hién nhién: Néu X = N,(X = &) thi
X ¢6 phan tir nhé nhat (can phan biét voi nguyén li khéi dau cuc han).

‘ (Phwong phap cuc han)

Vi du 7. Giai lai Vi du 6 bang cach st dung nguyén li cuc han.

Giai
Ta thiy ngay (x =0y=0;z = 0) 1a mot nghiém nguyén "tdm thuong" cta

phuong trinh dd cho. Néu tap hop S cac nghiém nguyén khong tim thuong cia
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phuong trinh khéc rdng thi theo nguyén li cuc han, ton tai (xo; Yos Zo) € S sao cho
téng |x0| + |y0| + |ZO| nho nhat.
Theo lap luan trong Vi du 6 thi

Xo.%0 .20 €S ma
27272

X
Xo| |
2

Yo
2

Zy

2

_|_

3

<Ixo| + [yo| + |20

diéu nay trai véi gia thiét |X0| + |y0| + |Z0| nhé nhit. Mau thuin nay ching to

phuong trinh d4 cho chi ¢6 nghiém tim thuong (X =0y=0z= 0).

C.BAITAP
Tim nghiém nguyén ctia cac phuong trinh sau

3.1, x% —6xy +13y% = 100. 32, 2,20 3
X 'y oz

33, l+x+x> +x> +x* = y2. 34. y2 = X(X +1)(x +7)(X+8).

3.5. 19x% +28y” = 729. 3.6. 2x° +y? —2x%y = 320.

3.7. 5(X+y)+20=2xy. 3.8. 5(X+y)+25=4xy.

3.9. S(X + y) + 30 = 6xy.

3.10. 5(X +y+ z) +15 = 2xyz,(x,y,z € Z+).

3.11. x° +3367 = 2y,(x,y e Z+).

3.02. y(x—1)=x"+2. (PHKHTN-PHQGHN, nim 2000)

3.13. xy2 +2xy - 243y +x =0. (Thi HSG Todn I6p 9 toan quéc, nam 1976)
3.14. 12x% + 6xy + 3y* = 28(y + x). (PHKHTN-DHQGHN, nim 1994)

3.15. 2x2 —2xy =5x—y—19.  3.16. 2 =3+65y,(x,yez+).

3.17. 29x? —28y” =2014. 3.18. x% +2y? +3xy +3x +5y =15.
3.19. x%y? — x? - 8y? = 2xy. 3.20. 2002* —2001" =1, (x,y e Z+).
321, 55 -2Y = 1,(x,y e Z+). 3.22. 28 -3 = 1,(x,y e Z+).

3.23. 2~ 3V = 7,(x,y e Z+).
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