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TRUNG H(
goai nhiing phuong trinh c6 quy tic giai
nhu phuong trinh bac nhat, phuong trinh
bac hai, ... thi phuong trinh nghiém nguyén
thuong khong cé quy tic giai tong quat. Mdi
bai toan, vai diéu kién riéng ctia n6 doi hoi phai
tim ra cach giai riéng phu hop. Co rat nhiéu
phuong phap  gidi phuong trinh nghiém
nguyén, trong bai viét nay toi gidi thidu mot s6
vi du minh hoa cho mdt phuong phap giai
thuong dung d6 1a phuong phap st dung tinh
chat chia hét trén tap hop sd nguyén.
1. SU DUNG TINH CHAN, LE
Thi du 1. Tim nghiém nguyén cua phwong
trinh: x*—2y*=5 (1)
Loi gidi. Vi x, y nguyén nén tir phuong trinh (1)
suy ra x 1 s6 1¢. Thay x = 2k + 1 (k € Z) vao (1)
ta duoc 47+ 4k + 1 —-2)y*=5
o 20+ k—1)=y" =ylasd chin.

Dity=2t(t €Z) taco2(K*+k—1)=4¢
Sk+k—1=20F o k(k+1)=28+1(%)
Vi k(k + 1) 12 s6 chdn ma 27 + 1 1a s6 1é nén
phuong trinh (*) v6 nghiém.
Vay PT (1) vo nghiém.
Thi du 2. Tim nghiém nguyén cua phwong trinh

Rx+5p+ D2 +xX* +x+y)=105 (2
(Trich dé thi HSG 16p 9 TP. Ha Tinh, ndm hoc
2006 - 2007)
Nhdn xét. O bai nay ta thay vé trai 14 tich ctia hai s6
nguyén ma vé phai 1a sé 1é nén no phai la tich ciia
hai sb nguyén 1é nén ta c6 thé sir dung tinh chin 1¢
dé giai nhu sau:
Loi gidgi. Vi 105 1a sb 1& nén 2x + 5y + 1,

2M 4+ x2+x+y 1a cac s6 16. Suy ra y 1a s6 chén,

GIAI PHUONG TRINH NGHIEM NGUYEN
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NGUYEN THI NHUNG
(GV Todn THCS Lé Vin Thiém, TP, Ha Tinh)

ma x>+ x = x(x + 1) 1a s6 chin nén 2" 1a s 1¢

< x =0. Thay x =0 vao (2) ta dugc (5y + 1)(y +

1)=105 & 5y2+6y—104=0 < y=4 (viyla

sO chin). Do d6 y = 4. Vay PT c6 nghiém

nguyén (x; y) la (0; 4).

Thi du 3. Gidi phwong trinh nghiém nguyén

[19x + 5y| + 1975 =19y + 5x| + 2016"  (3)

Loi gidgi. Bién d6i phuong trinh (3) ta duogc:

1975 -2016" = (|19y + 5x| + 19y + 5x) — (]19x

+ 59|+ 19x + 5y) +14(x — y).

Vi |a| + a 14 s6 chin v&i moi gia tri nguyén cua

a nén vé phai 1a sé chin do d6 1975 — 2016

phai 14 s6 chdn =2016"1as6 16 = x=0.

Thay x = 0 vao phuong trinh (3) ta dugc
|5y + 1975 =19y| + 1 < 14]y| = 1974

<y =141 hoacy =-141.

Vay PT co6 hai nghiém nguyén (x; y) la (0; 141)

va (0; —141).

Thi du 4. Tim nghiém nguyén cua phwong trinh

x+x¥+x’= 4}72 +4 4)
Loi gidgi. Taco: ()= 1+x+xX7+x =4 +4y+1
S @+ D+ )= 2y +1) *)

D& thiy 2y + 1)’ 1¢ = x+ 1 vax® + 1 13 hai
s616. Giast (x+ 1, x>+ 1)=d = d1&.

Mit khac x+ 1:d = 1 —x*: d, két hop véi
X+lidtacol—x" +1+x" id=2:d
=d=1 (vidl).

Vi (x+ 1)(x* + 1) 1a s chinh phuong (theo (¥)),
va(x+1,xX*+D)=1nénx+1vax’ +1dula
s6 chinh phuong. D& thiy x* vax® + 1132 s tur
nhién lién tiép ma déu 1a sé chinh phuong nén
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x = 0. Khi d6 theo (4) thi y = 0 hodc y = —1.
Nghiém caa PT la: (0; 0); (0; —1).

Nhin xét. Ta da sir dung tinh chin 18, tinh chat chia
hét va tinh chat cta sb chinh phuong dé giai bai toan
da cho.

Thi du 5. Ching to phuwong trinh:

Xyt kY =2015

khong co nghiém nguyén.
Loi gidi. Néu x 13 s6 chan thi x* © 16.
Néu x 1a s6 1é thi x* : 8 du 1 nén

x*=@k +1)*: 16 du 1.
Nhu vay moi s6 x*, y*, z*, ¢* chia cho 16 du 1
hodc 0 nén x*+ y*+ z* + #* + k* chia cho 16 ¢6 s6
du khong 16n hon 5 con vé phai 2015 chia cho
16 du 15. Vay PT khong c6 nghiém nguyén.

2. SUDUNG TINH CHAT CHIA HET

Thi du 6. Chitng minh rang khéng ton tai cdc
SO nguyeén x; y; z thoa man
X+y+2=x+y+z+2017 (6)

Loi gidgi. (6) & (X —x)+ (0’ —y) + (- 2)
=2017. Vix’—x = (x — Dx(x + 1) 1a tich cta 3
sd nguyén lién tiép nén chia hét cho 6, twong tu
y* —y; 2’ — z ciing chia hét cho 6 nén vé trai chia
hét cho 6 ma 2017 khong chia hét cho 6 nén PT
(6) vo nghiém.

Vay khong ton tai cac s6 nguyén x; y; z thoa
minx’+y + 22 =x+y+z+2017.

Thi du 7. Tim nghiém nguyén cua phuong
trinh: x*y —5x° —xy—x+y—1=0 (7).

(Trich d@é thi HSG I6p 9 huyén Can Lic, Ha Tinh)
Nhin xét. Day 1a phuong trinh 2 4n ma bac ddi voi y
1a bac nhit nén ta d& dang biéu thi y theo x va ta ¢

cach giai nhu sau:

2
Lai gidi. (7)@y=H (dox?—x+1>0)
= —5+M
y= x2—x+1"
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Tacd yeZ < (bx—4): (xX*—x+1)
& 23x-2) (P —x+1)
[25()(2 —x+1)
3x—2:(x2—x+1)
(Vi ¥2 —x+1=x(x—1)+1 lasd 1¢).
*THL: 2 (@ —x+1)
Sx2—x+1=%1 (vi ¥ —x+118)
< x =0;x =1 (thdoa man x nguyén).
+Voix=0=y=1.
+Véix=1=y=7.
«TH2: Bx— 2):(x*—x+1) (*)
= xBx—2) (X —x+1)
=06 -2x) (x*—x+1)
=0Gx=3x +3+x-3) (X —x+1)
= (x-3)(xF*-x+1)
=0Bx-9) (F—x+1) (*%)
T (*) va (¥*%) taduge 7 ¢ (x*—x+ 1)
=X -x+1 bﬁng mot trong cac gia tri —7; 7;
1; —1. Tu day ta dugc cac nghiém: (3; 7), (0; 1),
(1; 7). Thtr lai ta thdy PT (7) c¢6 cac nghiém
nguyén (x; y) 1a (3; 7), (0; 1), (1; 7).
Thi du 8. Ton tai hay khéng sé nguyén n thoéa
mén n’ +2015n = 20141+ 12
Loi gidgi. Gia st ton tai s6 nguyén n thoa man
phuong trinh 7’ + 20157 = 2014°°'° + 1, suy ra:
n’—n+2016n=2014""°+1
& (n—Dn(n+1)+2016n =2014""+ 1.
Do (n— )n(n + 1) 14 tich ctia ba sb nguyén lién
tiép nén chia hét cho 3 va 2016: 3 nén
n—n+2016n: 3 hay n’ +2015n :3.
Mit khac 2014 chia 3 du 1 nén 2014%°'® chia 3
du 1 =2014°"'°+1 chia 3 du 2.
Tir d6 ta thay diéu mau thuan. Vay khong ton
tai s6 nguyén n thoa man PT
n’+2015n=2014""+ 1.



Thi du 9. Ton tai hay khéng hai s6 nguyén

dwong a va b théa man a® + b* = 2013?

Loi gidgi. Gia st ton tai hai s6 nguyén duong a

va b théa man @’ + b’ = 2013.

Taco (a+ b)’=a’+ b*+ 3ab(a + b).

Vi & +5°=2013:3 = &’ + b+ 3aba+b) i3

& (a+b) 3=a+b3=(a+h) 9

=2013=a’+b=(a+b) —3ab(a+b) :9 (VO Iy).

Vay khong ton tai hai s6 nguyén duong a va b

théa min @’ + b= 2013.

Thi du 10. Gidi phuong trinh nghiém nguyén
Fx—y)=5p-1) (10)

Loi gidgi. Ta c6 (10) < x*(x —y) =5(y —x) +

50— 1) & P+ 5)Ex—y)=5x-1).

Suyra 5(x— 1) :(x*+ 5)=5(>+ 5) — 5x(x — 1)

—5(x—1) :(x*+ 5) hay 30: (x™+5)

= (@™ +5)e {5;6; 10; 15; 30} va x 1a sb nguyén

= xe {0; £1; £5}. Thir lai ta dugc nghiém

nguyén cua PT 1a (0; 1); (1; 1); (-5; —4).

Thi du 11. Chirng minh phwong trinh

X’ —2"=2015

khong co nghiém nguyén.

Loi gidgi. (11) < x*=2015+2".

Ta s€ chung minh 4 = 2015 + 2" khong phai la

s6 chinh phuong v6i moi s6 nguyén y. That vay

&y

thay y bang 0; 1; 2 thi 4 lan lugt nhan cac gia
trj 1a 2016; 2017; 2019 déu khong phai 13 sb
chinh phuong.

Vé6iy > 3 thi 2’ chia hét cho 8, con 2015 chia 8
du 7 nén A chia 8 du 7 ma s6 chinh phuong 1é
chia 8 chi ¢ thé du 1 do d6 4 khong phai 1a sé
chinh phuwong. Vay PT (11) khéng c6 nghiém
nguyén.

Thi du 12. Tim cdc so6 nguyén dwong a, b sao cho

Ry =Y4+4Ib+b+3Y4-4Ib+b (12)
a

Loi gigi. Dat 2+b =x; 2-Jb =».

Nhén xét. Vib >0 nénx > 0. Ta co
xy=2+VbY2-b =Y4—b; ¥ +)y’=4.
Do d6 phuong trinh (12) tré thanh:

x3+ 3 x3+ 3
Y +xy=x2+y2<:>—y

=x24+y?—xy

o N2 +y? —xy)

=x2+y?—Xx
p yo—Xxy

2
ma x>+ ) — xy = % X+ (g—y) >0 suy ra

x+ty=a=3Y2+Jb +3Y2-Jb =a *)
=4+ 334 -b.a=a? (**)

3 3
N 4—b=(“ 4).
3a

Vi b 1a s6 nguyén nén @’ — 4:3a =a’ — 4ia
=4:a = a €{l1;2;:4}.

-Voia=1=b=5.

- Véi @ = 2 hodc a = 4 thi b khong phai 1a sb
nguyén duong.

Thir lai: Véia=1; b =15 ta c6 (**) ding tuc 1a
Y+y+3xa=a & @-x -y —3xya =0
& (@-x-y)a+x)’+(@+y)’+x-y71=0.
Dox>0;a>0nénx+a>0 =(a+x>+(a+
WA x-y)P>0 =>a-x—y=0haya=x+y,
tac 1a (*) ding. Vay (a; b) = (1; 5) 1a cip sb
nguyén duong duy nhit thoa man PT (12).

Thi du 13. Tim 56 tw nhién n théa man
361(n° + 5n+ 1) =85(n*+ 6n* + n+ 5) (13)

n +5n+1 85

Lb’i -7--T /4 13 e .

giai. Taco (13) & 2 es ~ 361
n*+5n+1

Ta s& chirng minh 1a phan s6

nt+6n*+n+5
t6i gian voi moi gia tri ne N.

That vay, ditd = (n’+ 5n+ 1; n* + 6n° + n + 5).
Suyran*+6n’+n +5—nm+5n +1) 'dhay
n’+5d Tudd (n’+5n+1)—n(n*+5) dhay

) TOAN HOC
S6 475 (1-2017) “CTusilre 3




